+ has a factorization of the form F = UG, where U is inner and G is outer.
Suppose U and V are inner functions, say, on Ω. ^€{u, v, R) is the set of functions f on R such that uf and vf* are in ^/~+ on R. (/* is the complex conjugate of /). ^(u, v, Γ) is similarly defined. As shown in [5] one can associate with each / in ^f (u, v, R) a unique function F separately meromorphic in Ω and ί2_ such that for almost all x in JS, where F(z) = F*(z*)> zeΩ. If F is meromorphic in β, then an extension of F to a meromorphic function on flUfl-satisfying (1) is said to be a meromorphic pseudocontinuation (relative to R) of F. Similarly, to each / in ^^(u, v, Γ) one associates a unique F meromorphic in D{jD^ such that VFe$l + , and ( 2) f{e iθ ) = Iim F(re w ) = Iim F(re^) ί l rί l for almost all e iθ e Γ where F(z) = F*^*" 1 ), £€lλ Meromorphic pseudocontinuation is defined relative to Γ in a manner analogous to the R definition.
Considerations about ^//{u, v, R) may be motivated by examining the special case when U(z) = V(z) = β izr , τ ;> 0. Then Recall that a Blaschke product B on D has a representation where /< is a positive singular measure on JΓ. 
Proof. U has the factorization U = cSiS, where | c \ -1, B is a Blaschke product of type © and S is a singular inner function of type Gf. We have -S
Suppose now that (6) holds and let G be a Lipschitz outer function such that g(e iθ ) = lim rTl G(re iθ ) vanishes on supp Z7. We have from (6) - (9) that
and μ is supported on supp S S supp [7. Thus for all ^eΰ
It is easy to multiply G by an outer function G ι and obtain G X GF bounded, and so F is in $ft such that Σi> A log <5 y > -oo, where
We understand in the above that oo/oo -1. where {^y}i^i is the sequence of zeros of U in Ω repeated according to multiplicity.
Now let a: D->Ω (J {°°} be the mapping defined by
The following lemma follows from the above discussion. LEMMA 
Let U be inner on Ω. Then U is of type (£ if and only if U ° a is of type & on D.
We can now recast Theorem 1.4 
Then Fe$l+ on Ω.
We can replace 1 + | a(z) | 2 by \i + a(z) | 2 and the inequality still holds but for a different constant K. Now
But by Lemma 1.6 U © α is of type Gf, and thus Theorem 1.4 In case U and F are of type (£ we can deduce (14) from an inequality involving F, U and F. THEOREM 
Suppose U and V are of type Gc, αraϊ -P is meromorphic in D and has a meromorphic pseudocontίnuation to a function F on D U JD_. Further suppose there exists K
> 0 (15) I F(z) | 2 ^ K(l -I z I 2 )" 1 (I Z7(«) |" 2 -| V(z) | 2 ), | z \ Φ 1.
Γfeβw f{e i0 ) = lim r n F(re iθ ) e ^£' Q {u, v, Γ)
. 
so VFe$l+ by 1.4 . But we also deduce that F(0)F(0) = 0, so F.Fe^. It therefore follows from the characterization of ^£Ό(u, v y Γ) given in (13) and (14) that fe^f Q (u, v, Γ 
But then it follows from the Schwarz inequality that
where
By applying (16) to g -uf and g = vχ*f* we obtain
It is easily seen that (17) and (18) 
(Γ). Then f e ^t(u, v, Γ) if and only if there exists a function F meromorphic in D with pseudocontinuation F such that (19) holds and there exists K > 0 such that
I F(z) \ 2^K (l-\z I 2 )" 1 (I U(z) I" 2 -I zV{z) | 2 ), zeD .
Proof. Note that ^{u, v, Γ) = ^(u, χv, Γ).
The same kind of problem can be considered on Ω with minor modifications in the proofs. THEOREM [5] in terms of inequalities of the type discussed in § 1 and 2. Throughout ^ is a complex separable Hubert space and B{^) the space of bounded operators on ^. We shall restrict ourselves to considerations involving Ω rather than D in order to simplify the exposition. Following [5] we say that a holomorphic function F on Ω taking values in B{^) is in SRί (y) if there exists a nonzero complex-valued outer function Φ such that ΦF is a bounded holomorphic function on Ω that takes values in J5(£f). Any F in 9iί (y) has strong boundary values a.e., that is, the limit \im yί0 F(x + iy) = f(x) exists a.e. in the strong operator topology.
Suppose F is meromorphic on Ω and has a mero-morphic pseudocontinuation to a function F on Ω (j Ω-Assume that U and V are inner functions of type E on Ω. Further suppose that there exists K > 0 such that
We say that a holomorphic function G in 9ΐJ ίaf . ; has a meromorphic pseudocontinuation G if G is meromorphic in Ω^ and the strong limits lim yT0 G(x -iy) and lim^o G(x + iy) exist and are a.e. equal. For such G we define G by G(z) = G*(z*), zeΩ\jΩ_. 
Then F has a factorization F(z) = G(z)G(z), zeΩ, where G is in 5RJ (β r) and has a meromorphic pseudocontinuation G such that UG e9ΐί (ςr) . // there is real interval I such that /(.) is a.e. bounded on I and U is analytically continuable across I, then G is analytically continuable across I.
Proof. This theorem is a summary of results proved in [5] . THEOREM 
Theorem 3.1 may be modified as follows:
A PHRAGMEN-LINDELOF THEOREM WITH APPLICATIONS 185 (i) The hypothesis "Z7Fe9lJ (y) w may be replaced by the stronger hypothesis "there exists K > 0 such that
for all z in Ω". 
S

Then JP is factorable, F(z) = G(z)G(z), where G( ) is an entire function taking values in B(^).
This follows from Theorems 3.1 and 3.2 (i) with U(z) = e iTZ . G( ) is entire by the last statement in Theorem 3.1. It also is deducible from Theorem 3.6 of [5] .
for all z = x + iy with y Φ 0 and CG^. iζ. is a constant depending on c.
4* A Fourier type transform and the Paley-Wiener representation* As before let U and V be inner functions in Ω and denote the space ^ (u, v, R) 2 (u, v, R) . This space is easily seen to be a Hubert subspace of U{R). As noted in the introduction f 2 (e ix % e ixτ , R) is the restriction to the real axis of a classical PaleyWiener space of entire functions. That (where j^ is the Fourier-Plancherel operator on U(R)), is the content of a well known theorem of Paley and Wiener,
In [4] one of the present authors generalized this theorem to give an integral representation for any of the spaces ^2{u, v, R). In this section we combine this result with Theorem 2.6. First we shall set down some basic facts from [4] . For simplicity we assume that U and V have no zeros and are normalized so that U(i) and V(i) are positive. U then has a factorization U(z) = S(z)e iaz where S is a singular inner function in Ω and a ^ 0. Using the usual representation for singular inner functions we can combine the two factors in the following convenient form:
where μ is a finite positive measure on the extended real numbers i2* = R U {°°} whose restriction to R is singular and with μ({°°}) -a.
In the integrand, and elsewhere below, we always take (z oo)/oo -z for any complex z. V has a similar representation with corresponding measure Y.
Let τ be the total variation of μ and suppose that a is an unvalued measurable function defined on [0, τ] in proof. We refer the reader to the papers.
6. H. S. Shapiro, Generalized analytic continuation, Symposia on Theor. Phys. and Math. Vol. 8, Plenum Press, New York (1968), 151-163. and, 7. R. G. Douglas, H. S. Shapiro and A. L. Shields, Cyclic vectors and invariant subspaces for the backward shift operator, Ann. Inst. Fourier, Grenoble, 22 (1970) , 37-76, for more detailed information on meromorphic continuation and (uH 2 ) 1 .
